The semi-Euclidean formulation, developed in constructive quantum field theory to handle boson-fermion models, is adapted to the statistical mechanics setting.
INTRODUCTION
In Ref. 1 Do Brydges and I presented a formulation for treating boson-fermion models, taking powerful techniques for using Euclidean fields to study Boson models in constructive quantum field theory, and combining these with operator methods to handle the fermions. This, the semi-Euclidean approach, now seems like a useful framework to study such theories. In Ref. 2 Brydges studies the generalized Yukawa model using semi-Euclidean methods. In Ref. 3 techniques patterned after those in Refs. 1 and 2 were applied to prove the classic theorem of Dyson and Lenard 4 on the stability of matter. In the present series of papers I intend to introduce a full semi-Euclidean formalism into statistical mechanics, furthering the flow of ideas from constructive quantum field theory into more classical fields of physics.
Ginibre has made beautiful applications of functional integration techniques in statistical mechanics. 5 The formalism to be presented here will have many points in common with that of Ginibre. The interlacing we will see between the viewpoints of Refs. 1 and 5 seems very satisfying. The interactions in the stability of matter problem--l/r forces between positively and negatively charged particles-would not lead to stability in the absence of the kinetic energy generated by the exclusion principle for the negative charges. 6 This effect may be difficult to make explicit in the formalism of Ginibre, and the potentials considered in Ref. 5 exclude such forces. Our first long range goal will be to obtain the existence of the infinite volume correlation functions for the matter problem with the interaction l/r modified to exp(-nr)/r (this interaction still is excluded in Ref, 5) . The extension to the long range l/r interaction is deferred.
Our avenue to the infinite volume correlation functions will hopefully be the adaptation of the cluster expansion of Glimm, Jaffe, and Spencer 7 to the present formalism. In the present paper the cluster expansion is not developed. However, we do present some of the expansion operations to be used-differentiation of the exponent and a pull-through formula. The pull-through formula is used to generate a Ginibre-like expansion for correlation functions. We also present operator estimates substituting for the "defermiation" estimates of Ref. 1. These estimates-to be used in the proof of convergence of the cluster expansion-convert operator expressions to a context with commutivity. As an example we estimate some terms in the expansion of a correlation function.
The field theory of boson models, the field theory of boson-fermion models, and the field theory of second quantized matter in statistical mechanics provide three types of field theories-with striking similarities and striking differences-that will develop with mutual enrichment.
NOTATION
We work with H of the form
(1. 1) with V symmetric in z 1 and z2 and Ho the sum of a multiple of the number operator with the kinetic energy form for Di~ichlet data on the boundary of a fixed volume V.
I/J and I/J are annihilation and creation fields for a fermion or boson particle. The extension to more general potential interactions and more than one species of particle is straightforward (such as for protons and electrons moving in a fixed background charge). The objects from statistical mechanics we will study are of the form
where the Ii correspond to imaginary times, the Ii decreasing 0 <' t i <' (3, and the I/J(x;, t;) are obtained from
I/J(x) by progagation under H for an imaginary time Ii'
We now expunge this definition of the I/J(Xi, Ii) from our memory and follow an alternate line of development.
We define I/J(x, l) "" I/J(x) , the I introduced only as a label to enable us to time order. H(L) is H expressed in terms of the I/J(l) and Ifj(t):
with T the time-ordering operation familiar to physicists. In fact (1. 4) is essentially the interaction representation with the interaction taken to be the full Hamiltonian-so the interaction fields have no true time dependence, as our I/J(x, t). Taking (1. 4) as a serious expression to manipulate and perform estimates with is the heart of the semi-Euclidean approach.
We also want an expression for the path space measure generated by the one-particle free Hamiltonian
where J dtJ.~.y is a measure on paths xp(l), 0 <' 1-:; 5, Copyright © 1976 American Institute of Physics connecting x and y (and lying in V).
EXPANSION STEPS
In this paper we consider only two operations. The first of these, differentiation of the exponent, assumes H(t) depends on a parameter A, and so we write H~(t). This happens by allowing V(Zj, Z2) to depend on A, and so, V~(Zj,z2) ' We write (1.4) as
The other operation is a pull-through operation. (The pull-through operation used in Refs. 1 and 2, different from the one presented here, may be useful in some circumstances. )
We will not write the similar expression for zp and more general potentials.
This pull-through formula provides the connection between the semi-Euclidean formulation and the work of Ginibre, as we will see in the next section.
To prove (2.3), we consider the equality T J dy J dIN:;a) Ifj(y, b) exp (f[H(t) 
(2.4) and verify that the differentiation with respect to s in the brackets gives zero.
GINIBRE-TYPE EXPANSION
For clarity we confine our attention to the following correlation function F(X2, t 2 , Xj, tj):
We now use the pull-through formula (2.3) to move Ifj(x, t) to the left. We may also use the relation the next section-giving rise to well-known periodicity of our correlation functions. As Ifj is continuously moved to left, and re-entered at right by (3. 2), a series of terms is generated by the possibility of contraction with zp after any number of sweeps.
with E = 1 for bosons and E = -1 for fermions. (3.1) then becomes (3.4) The G; are represented graphically in Fig. 1 . Expressions for Go, G u and G N follow: (3.6) G N = (Et Tr{T J dWj ooodWN J df-L;Il-~I) 000 df-L~. w.
This expansion may be compared to the expansions of Ginibre in Ref. 5. We will not here make explicit an expression for R N • However, in Appendix C an explicit expression for RI is given, and estimated as an example of the operator estimates given in the next section. In Appendix B Go is Similarly estimated. Future applications of the semi-Euclidean formalism depend on our ability to control estimates--Appendix B and Appendix C are simpler than the estimates needed in the cluster expansion, but use the same basic techniques.
OPERATOR ESTIMATES
We collect here, first, well-known estimates we will use concerning traces; recall an operator estimate from Ref. 1; and finally present a cute new estimate for traces in a theorem.
We begin with the well-known facts:
Tr(AB) = Tr(BA), We recall from Ref. 1:
The following theorem is an estimate similar to this last estimate, but for traces.
Theorem: Let H(l) ~Jl + C(t) with C(t) a numerical function and Jl a i-independent operator. Then
(4.8)
A proof of this theorem is presented in Appendix A.
APPENDIX A: PROOF OF TIME-ORDERED TRACE INEQUALITY
The inequality follows by taking limits in a discrete form of the result, stated in the following lemma, and using (4.2). The lemma is a special case of 
This is just (4.5). Assume (AI) holds for N and proceed to the N + 1 case: 
APPENDIX B: ESTIMATE FOR Go
Go is given in (3.5). To obtain an estimate for Go, we require two estimates; we write as follows:
Ho/2+ i J dz l dz 2 : ~</J(ZI) V(ZI,Z2) 'iP</J(zz):
We do not discuss evaluation of Ko and Kl here, as depending on V, the volume, and the interaction. However, it is important to note that in these evaluations the kinetic energy arising in the Fermion case may be exploited (see Ref. 3) . We now use (4.8) to obtain
APPENDIX C: Estimate for R I
We graphically represent Rl in Fig. 2 . For definiteness we require 2/3{3 ~. t2 :> 11 " (3/3, this is not essential.
Having pulled-through if; past 12 without contraction with </J, we stop at 2/3{3 and then pull-through </ J to 1/3{3. The resulting expression for R 1 is
x Tr[Texp (-t H(t)dt)~(wI,2/3{3) 2/31l
We abbreviate this as RI = E J dW I dW 2 J dll j dll 2 exp (-{2 V(x PI ' x P2 ) dl)
x Tr[T EI ~(wI)E2E3E41jJ(W2)E5]'
with (A3) where the Ei are the obvious exponentials, except that, as indicated, a portion of E3 has been separated out explicitly. We use (4.6):
by the induction hypothesis. We consider one of these terms, i = 1, for notational simplicity: 
for all Wj and W2' This inequality, a statement concerning two particles interacting by a mutual potential, can be estimated by standard methods. We get
